Ququll um /V(Or/?/?/sms
| ecture 7



La_ﬂ" Week

Lt Gull, then theve exists a

I:erfec‘/' Qnanfum 9‘f’rq+e7y for the (6,H)-hom gawe

of the f\o//vwin) form:

) W>=V"T-12: [iiS eClo €’

2) E,h‘fm ‘; 5,.€fd N lave prejections Ver(é),hcm)
%) G ::E; 9*-«7’:7)1:},/ Synchronous

Gl if and only if there exists de//
¢+ prejections E;hé'ﬁ ¥ for all 9sl/(C), hellH) 5a‘llr'51[)’fnj
() L%)E_,;FI for all 95\/(6-)
(2) EpEpw=0 i (7~_7'+ heh) or (\?:—9/'%}'\:#};)/+
redundan

B)/ Cani?"c'tn “) H’lf}"( 4 ((V(&)’)’V{H)
it 6] £

Ejf',’ Ey'((,'j :/ > (( 5 a homomw/oh/';m b)/ [m////}n /2)



IF QV( G)VH) isa hamomorf/::;m, then se'H,'n7
Ejﬁ g f ({(9)44 9ives d e(-annfum /pomomorfhism.
o.W.

Exercise: if The Ejh pairwise commute, they G—H.

T f é
= E7h /EK

Suppose Thet GOl and  HOK

Can we show that G—%’/(’?

How could They play the (G, k)-hom 9qme?

Ldea: f/ay (G H) game <+ Then (H,K) game.

A+B sent y,}’éV{ﬂ—) reglapn‘;ve/),j obtaiv hheVlH)
from (G H) strafegy Then act as i )b were inpats fo Their
(HK) shategy o sbtun K KEVIK)

9?0)’:7 h=h'> k=k'

7~7’ D h~h' D kK
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heVv(H)
Zh=Z Egp®hy=7 Egn @(@?=ggj o =Tof-1
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9~9 ¢ kpk'
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Qu gn_‘i um (alar_in.?z

6K, #f 3 projecins Eg€C' ceisfying
) 2E:i=T  YgeV(e)
2) BiEi= 0 if g9’
Recall: Z0(6) = min§n’ 6-K,3
Detinition(Quantum chromatic number ):
(6):=min§n: 60K,3

“On 7"he Quan*wm Chramn?‘/'c numéelf‘ 010 ] gra}?ﬁ”

Cameron, /Mon‘fav)ara, A/ewman, Sé’verfni, Winter



Similavties between X+ Xq

) Gl > XKW By Frmmsitrvs
Gl = Ule) <X (H) 1 il

\/Ve say %( s W/ res/en‘ fo ((,uan‘fum hvmomor/olisn

'l) G*K<G—~Kk ie. G s
Eg{ :I—

Y 6ok © 6K, ie. & is

P):aof A H
Ew: EM«(EV; t Evz): EuvaL < (Ew* E..,)Evz= Evz

5’.""./‘"/)’ EM'L:EI// (EV‘)EV?«):(EMP)EMI)
Exercigg-' Show ﬂm'f G%Kz for u// 7rq,oh5 G-

‘H %t((Kn)=”
F r‘ogf-’ Exercise_



Uniform rank Coforingj

«d
§u/7loo;e 7L}m7L Eg; é[d 7.‘ye a i«anfum n-ca/orin/o a'F é‘
Define n-l Eji
E; :=9% Ey(-vk) = E,m,;. O :ﬁﬁft
O .Ey(i-m-l}
MwaJ

Then the /';;5[ give @ 'Zwam[mm p-coloving of G
with vrk(f):d  Vgel(6), ielnl

%;(6’) = min n st G has d 1uam"um
n-cv/vrinj usiw7 on’y V‘an/( r pro)ecfianf.

(a of &)
Ll6)c K (6)XC) Y rell

Qpen P-oblem: %; (F)en %;H(G)gn (

5:4,7/7058 ﬂzaf' Eg,’ effm 9:‘ve a rank-r Q_uqnfum n—(o/vr:n7 af 5’
/Vofe ﬂla?" c/=r‘n. F"K ié[n] am/ /ef Ef=E?" l/yéV(G)
Then j~3’ = EgEyﬂO,



The map j”’Ej 5 4 of G

It is the vational number” 2.

/4 3/ l'fffﬂé?nfﬂ?‘ion is not 6/Z-re/7refem"a+ion,
but fhey have The same value.

gf[é)’= im“Z%" G has a JA"refreienqu'ion}
Like a -Frqcfivna/ ctunnfum chroma‘l‘i( num ber.

€, (6)< 2, (6), Xl

Oren Beabloms: 36)= it ST er} 7
€(6)=int (Y LLCT) e3¢

@amk -/ q\uan‘/'um Ca/arg'q_g_i

nxn

S ugpose Ey:ff give @ rank-| quantum n—co/orin7 of G.
Eyi=lt; XYl for some (2 €
Coditions on the Eyi transiate to:
() €14y:0: 76033 is an orthonormal baris 9V/(¢)
(2) Uyl>0 Ge. 12 LIGY) # gog



Define Uy:=2 %Xl geV(6),
ie. the i column of Uy is (1),
(1) Uy is unitfary
Q) UsUy)i =0 it g~ (ie. UyUy' has zero dingonal)

/4 ranﬁ—/ quqrr/um h-co/oriny 15 e{uivqkwf +o q
hamomor)ohism 1o (a)/ (Uln), TUUt) : U=0 Viz.
W

E’r a -Fixec/ ié[n], the map 71—5/}‘”9,) 5 an
O'F G in Jl'menSian n. - Vl// - V‘?Fﬂ"é?ﬂflﬂl/'zh

g(@):: minf n: G has an 0rﬂ197m¢l re/oresenfafv'vn L (fn3

(6)8(6)<Uq(6)  but, neither HE)<X(6) o XnlO)SIC
g‘ ) g() f ) hjlls for all g& ! / % g )



Constructions

Flat or'Hqg?gnq [ repres enfa?"fong

lY> £Ch 1 i'{ al/ a'Fi‘fs enfries have ﬂre sqame mat/u/uf,
i.e. /(i”’)l dees nof clefenJ on i.
wnit vee 'f'a o %/‘ﬁ
§uppose that \91—7/ V’,>€€ "o a flat orﬂm,onnl representation of (.
F - nxn fﬁd’ um‘?‘ar)/, e.y. Ij.-—); w )y W oa f?rim,"/fve ™ voot of «n.‘fy

[ et
D7:'/n— DM7(N',>) = wn/?lm//

U= DoF - wnitary
(Us*Ugli; = (F*¥D5 Dy F)i; =0
Le\rwm/a/f F £lat wnifary o [ 4/,’0,7.,"4/
= FXD/: has constant n/r'ajomt/.
Tr P D2DyF)= Tr(D5D,) (Y, 1 > =0



.Q..‘ Orﬂro}ond/if/ yraph o\c ﬂre i‘/ Vec‘far; m k“.
Has €lat orﬂvqm/ representation i dimension n b ) constructon.

L), is it n n!c{
i‘f HEZ maJ 4

,)(/ct(ﬂom)ifm :4’1/)
//1//( -Q‘h) ?raws exfonen‘/‘ia//y m n.
?(/t(ﬂof,kX(Dh) S HZ%.

%1(9/4") k nown e;(arf//
bw?L VI&?L %(qu)



The quaternion trick

r=(r, v ) Pt unt vector

Th e\ /-r] [- -1 'lcv m an 9 '/'/’lon Y‘Mﬂ/
T (r. (I) (rf)(r) loac:'a :F ]{4 ’
V‘: ) .: / _:? / ‘

[ 2

rlrl |r

rls > V‘;__Ls; V ,‘:0,/,2,5

Se S S S

i'F G has an ar'ﬂo?ana, r‘efre;en‘fm‘ion m KT

What does this have fo do with quaternions?
Define cl/(b’)'—‘ o +ri +r,)' +r,k.
thet %f g 1
q(r)=kqlr)
{r, 8= Re(ctlv’) m)
Srs>= Religlr) igls) ) = Re(qlr) )

TS calr)” - -k qly _(_r—): coefficient of
r'r? &(q ))q/r)) Re( 1 )’f_) kq(r)(;m




Con also ase

IF E(Q)K, then Ayl6)s8



